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Goal:
Integrating Functional and Object-Oriented Programming

A first step:
Implementing the simply typed A-calculus in C+4+.

Novelty:
Formal correctness proof.

Extensions

- recursion,

- Lazy evaluation

- A-terms with side effects.



The simply typed A-calculus with arithmetic functions

''e:AFx: A [' - n :nat

I'e:AFr: B I'-r:A— B I'Fs: A
'-Xzdr: A— B I'Frs:B

['F7ry:nat...I' e : nat
' flry,..., ] - nat

(f a name for k-ary arithmetic function [f])



Implementing types

The base type nat is implemented by the native C++ type
int.

If the types A, B are implemented by C+-+ types A, B, then
the type A — B is implemented by the C++ type CA_BD
defined as follows:

class CA_BD_aux

{ public : virtual B operator() (A x) = 0; };

typedef CA_BD_aux* CA_BD;



Implementing A-terms

Example: Az™*. f (f x) with free variable frat—nat,

class lambdal : public Cint_intD_aux{
public :Cint_intD f£;

lambdal( Cint_intD f) { this-> f = f;};
virtual int operator () (int x)

{ return (x(£)) ((x(£))(x)); F; };
Abstracting f: \frat—mat \gnat f(fr)

class lambdaO : public CCint_intD_Cint_intDD_aux{
public :

lambdaO( ) { };

virtual Cint_intD operator () (Cint_intD f)

{ return new 1lambdal( f); } };
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Implementing A\-terms (ctd.)

Axrtat 2 4+ x

class lambda2 : public Cint_intD_aux{
public :
lambda2( ) { };

virtual int operator () (int x)

{ return x + 2; };

};
t = (Afrat—mat \pnat £ (f ) (Ae™. x +2) 3

int t = (*x((*( new lambdaO( ))) ( new lambda2( )))) (3);



Proof of Correctness

Our goal is to formally prove:

If a closed term "2 has value n, then our implementation

evaluates t to n.

This requires:

- A formal definition of the value of a term.

- A formal model of our C+-+ implementation.



What is the value of a \-term?

Operational semantics: Normal form w.r.t.
B-reduction:  (Az.r)s — r[s/x]

f-reduction:  finy, ..., ng] — [f](n1,...,nx)

Denotational semantics: [r] € D where D is a domain of
higher type functionals.

Luckily, at base type the two semantics coincide.

We will use the denotational semantics and “logical
relations” to prove correctness.



Nailve denotational semantics
N={0,1,2..},3 X=Y={f|f: X—-Y}
D(nat) =N, DA — B)=D(A) —D(B), D= U D(A)

AeType

Functional environment: & : Var — D,
£ : ' means Vx € dom(I').£(x) € D(I'(x)).

ForI'Fr: Aand &: T, we define [r] € D(A):
|2]¢ = &(x), [n]€ =

[ s]& = [r]€(]s]€)

[Az.r]é(a) = [r]€lz — d

L17] = [1([71€)




The state monad
Mx(Y) =X —-Y xX

do{?/l €1, Y2 — 62(y1) : 63(y17y2)} L =g
let {(y1,71) = €1 2, (Y2, 22) = €a(y1) 21}

in es(y1,y2) T2

return : Y — Mx(Y), returnyx = (y,x)

mapM : (Z — Mx(Y)) — 2% — Mx(Y™)
mapM f ad=do{y; < fa1; ... ; return (y1,...)}

get : Mx(X), getx=(z,2)
put : X — Mx({*x}), putzaz’ = (%)
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Modelling the implementation

Addr = a set addresses of classes on the heap

Constr = a set of constructors, i.e. class names

Val = N+ Addr

F = a set of names for arithmetic C++ functions

App — N+ Var + FxApp* + AppxApp + Constrx App*
Class = Context x Var x Type X App

VEnv = Var —4, Val

Heap = Addr —g, Constr x Val”

CEnv = Constr —g, Class
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Parsing (Implementing \-terms)

P:  Context — Term — Mgg. (App)

Evaluating A-terms

eval :  CEnv — VEnv — App — Mpyeap(Val)
apply :  CEnv — Val — Val — Mye,,(Val)
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P :

Pl u

PT f]
PT (rs)
PT (Az?r)

Context — Term — M¢gn, (App)

return u, if w is a numeral or a variable
do{d « mapM (P I') 7; return f|al}
do{(a,b) < mapM (P T') (r,s) ; return (a b)}
do{a «— P T'|x — A]| r;
C « get ; let ¢ = fresh(C) ;
put(Cle — (I 2 : Asa)]) ;
return(c/dom(I")])}
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eval :  CEnv — VEnv — App — Mpea,(Val)

evalC' nn = returnn
eval Cnx = return (n x)
eval C'n fla] = do{n « mapM (eval C'n) a ;
return | f](77)}
eval C'n (ab) = do{(v,w) + mapM(eval C'n) (a,b) ;
apply C v w}
eval C'nclad] = do{? « mapM (eval C' n) a ;

H « get ; let h = fresh(H) ;
put(H|h — (c,v)]) ; return(h)}
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apply :  CEnv — Val — Val — My, (Val)

apply C hv = do{H « get ;
let (c,w) = H h ;
let (y_’:é;x:A;a):C’C;

eval C' |y, x — W, v] a}
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Linking C++ with higher type functionals

The “Kripke logical relation”
~§ C  (Val x Heap) x D(A),
is defined by recursion on A as follows:

(v, H)~Y. n & v=n
v, H s &= VYOC'OC H DOH,(w,d) € ValxD(A
~Gp

(w, H') ~§ d = apply C' v w H’ NB, f(d)

(n, H) ~F & = Va € dom(I)(n(z), H) ~,) &(2)
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Adequacy Theorem

Assume n: VEnv, ¢ : FEnv, I' 7 : A. Assume £ : T,
PIrC=(a,C), C'"CC" (n,H)~{" €, and HC H'.

Then eval C" na H' ~G" [r]¢.

Proof. Induction on the typing judgement I' - r : A.

Correctness of the implementation
Assume 7 :nat, PO r C = (a,C’) and C' C C".

Then for any heap H and environment n we have
eval C" na H = (|r], H') for some H' O H.
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Further work

e Study the C4++ implementation of recursion, lazy
evaluation, and A-terms with side effects more
systematically and prove correctness.

e Construct a less ad-hoc model of a suitable fragment of
C++ (similar to Featherweight Java | ).

e Give a "monadic proof” of the Adequacy Theorem.

e Study related work, e.g.:
— Laufer | ] (1995)
— Kiselyov | ] (1998)
— B. McNamara and Y. Smaragdakis | ] (2000)
— Schupp | ] (2000)
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Conclusion

e The implementation of functional concepts in

object-oriented (imperative) languages is feasible.

e Denotational semantics and logical relations are very
useful tools for proving correctness of the
implementation.
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